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The longitudinal current along a bar conductor is accompanied by self induced transverse mag-
netic field. In absence of transverse current in sample bulk a nonzero electric field (Hall) must
be present to compensate Lorentz force action. The longitudinal current itself can be viewed as
collective drift of carriers in crossed magnetic and electric fields. At low temperatures the enhanced
carrier viscosity leads to nonuniform longitudinal current flow whose transverse profile is sensitive
to presence of collinear diamagnetic currents nearby the sample inner wall. Both the longitudinal
current and transverse magnetic field are squeezed out from the bulk towards the inner walls of
a bar. Magnetic properties of a sample resembles those expected for ideal diamagnet. At certain
critical temperature a former dissipative current becomes purely diamagnetic providing a zero resis-
tance state. Temperature threshold of zero-resistance state is found for arbitrary disorder strength,
sample size and magnetic field. Sample-size and magnetic field driven transition from zero resistance
state to normal metal has been studied.
I. INTRODUCTION
Usually, the Hall measurements[1] imply the presence
of external magnetic field source. Evidence shows that
the current itself produces a finite magnetic field which
may, in turn, influence the current carrying state. In
the present paper, we take the interest in a special
case when the only current-induced magnetic field is
present. Therefore, we reveal a Hall Effect in a quasi
two-dimensional conductor. The account of finite carrier
viscosity and diamagnetic currents at the inner bound-
ary of 2D bar provides a certain feasibility of the zero
resistance state at low temperatures.
II. CURRENT INDUCED HALL EFFECT IN 2D
BAR
The conventional Drude equation for electron gas
placed(see Fig.1) in arbitrary electric E and magnetic
B fields yields
∂V
∂t
=
eE
m
+ [V ×Ωc]− V
τ
, (1)
where e is absolute value of the electric charge, Ωc =
eB
mc
is the cyclotron frequency vector, m is the effective mass,
τ is the momentum relaxation time due to collisions with
impurities and(or) phonons,V is the carrier flux velocity.
For steady state one obtains the following equation
V = µE+ [V ×Ωcτ ] , (2)
where µ = eτm is the carrier mobility. For arbitrary ori-
entation of the electric and the magnetic fields the exact
solution of Eq.(2) is straightforward [2].
Let us restrict ourself to a two-dimensional bar of a
thickness d which is less than width w and sample length
L. A voltage source(not shown) is attached to a sam-
ple providing the longitudinal electric field Ez . The
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FIG. 1. Schematic view of the Hall effect in 2D bar. The
Lorentz force is shown for electron moved in top(bottom) half-
space of the sample bulk. The average diamagnetic currents
IM caused by microscopic cyclotron movement of electrons
in the vicinity of the top(bottom) specimen inner wall are
shown.
respective carrier velocity Vz and, hence the longitudi-
nal current density jz = neVz are uniform, where n
is the carrier density. Following Biot-Savart law one
may easily find the x-component of the magnetic field
Bx(y) = − 4πjzc y. The magnetic field reaches the max-
imal value B0 = Bx(−d/2) at the up(down) bar wall.
Note that the current in y-direction is absent in the sam-
ple bulk. Hence, the nonzero electric field Ey must exist
to prevent Lorentz force ∼ VzBx/c action. Evidently, the
build-in electric field plays the role of Hall one regarding
conventional description [1].
Following the above reasoning we re-write Eq.(2) for
both the longitudinal Vz and transverse Vy = 0 compo-
nents of the carrier velocity as it follows:
Vz = µEz , (3)
Vz = c
Ey
Bx
. (4)
2Eq.(3) provides a familiar differential Ohm’s law. By
contrast, Eq.(4) presents the novel view on the longitu-
dinal current as a carriers drift in crossed Ey ⊥ Bx fields,
i.e. ascribes a Circular Hall Effect. We argue that the
build-in electric field Ey = 4piney
(
Vz
c
)2
defines volumet-
ric charge density Q = divE/4pi = ne
(
Vz
c
)2
[3,4]. Thus,
a bar is charged while Q/ne≪ 1.
III. HALL EFFECT: NONUNIFORM VISCOSE
FLOW
We now intend to answer a question whether the cur-
rent carrying state in a bar can be nonuniform in trans-
verse direction, namely Vz(y). Navier-Stokes equation
modified with respect to presence of the magnetic field
yields
∂V
∂t
+ (V∇)V = eE
m
+ [V ×Ωc] + ηˆ△V − V
τ
. (5)
Here, ηˆ is the viscosity tensor[5,6] whose longitudinal and
transverse components
ηxx = ηyy =
η
1 + 4Ω2cτ
2
ee
,
ηxy = −ηyx = ηxx2Ωcτee
(6)
depend on magnetic field. Then, η = 15v
2
F τee is the kine-
matic viscosity of the carriers at zero magnetic field, VF
is the Fermi velocity, τee is the electron-electron collisions
time. Viscosity effects become important[7] when the e-e
mean free path lee = VF τee is less and(or) comparable to
that caused by phonons and(or) impurities l = VF τ and
typical length scale of the sample. Note that the Euler
term can be neglected in Eq.(5).
For steady state Eq.(5) can be re-written for both the
longitudinal and transverse components of carrier veloc-
ity as it follows
ηxxτ
∂2Vz
∂2Y
− Vz + µEz = 0, (7)
ηyx
∂2Vz
∂2Y
+
eEy
m
− VzeBx
mc
= 0. (8)
Our primary interest concerns Eq.(7) which determines
the nonuniform velocity profile Vz(Y ) and, in turn, the
transverse magnetic field magnetic field Bx(Y )
Bx =
2pine
c
Y∫
−Y
Vz(Y )dY. (9)
Introducing the dimensionless velocity v = Vz/µEz and
the reduced transverse co-ordinate y = Y/d, one may
rewrite Eq.(7) as it follows
ηxx
η
ν−2
∂2v
∂2y
− v + 1 = 0. (10)
where ν = d/λ is the dimensionless parameter, λ =
√
ητ
is the typical length scale of the problem. The condition
ν ≪ 1( ν ≫ 1 ) determines the high(low)-viscous electron
gas respectively.
We argue the solution of Eq.(10) is complicated due to
magnetic field dependent longitudinal viscosity. In prin-
ciple, Eq.(10) can be expressed in terms of the reduced
magnetic field Bx(y)/B0 via relationship v =
1
2B0
dBx
dy but
still remains difficult for analytical processing. Further,
we restrict ourself to low current and(or) small magnetic
field mode when Ωcτee ≪ 1. Consequently, the longi-
tudinal viscosity can be kept constant ηxx ∼ η while the
transverse viscosity vanishes, i.e. ηxy → 0. Eq.(8) gives a
familiar result for carrier drift in crossed Ey ⊥ Bx fields.
Then, the solution of Eq.(7) is straightforward:
v(y) = 1 + C1 cosh(νy) + C2 sinh(νy), (11)
Introducing a general condition v|y=±1/2 = v0 for longi-
tudinal velocity at the inner bar walls one obtains
v(y) = 1 + (v0 − 1) cosh(νy)
sinh(ν/2)
, (12)
Note that the trivial case of the uniform current flow
examined in Sec.II follows from Eq.(12) when v0 = 1.
We now demonstrate that the boundary condition at the
inner bar walls alters crucially the profile of longitudinal
velocity and, moreover, the sample resistivity.
A. Poiseuille viscose flow
We recall that the simple wall adhesion condition v0 =
0 [7] could be familiar regarding the Poiseuille’s viscous
flow in conventional hydrodynamics. In Fig.3 the blue
curves depict the spatial dependence of the flux velocity
v(y) specified by Eq.(12) for different viscosity strengths.
As expected, for small viscosity ν ≫ 1 the fluid velocity is
mostly uniform with exception of ultra-narrow layer ∼ λ
close to bar inner walls. In contrast, for highly viscous
case ν ≤ 1 the flux velocity follows the law v(y) = ν22 (14−
y2) shown by the dashed line in Fig.1.
B. Diamagnetic viscose flow
The special interest of the present paper concerns the
possibility of different boundary condition v0 > 1 whose
physical background we intend to illustrate hereafter.
At first, recall a scenario of a current carrying wire sur-
rounded by diamagnetic media(see the left-hand sketch
in Fig.2,a). For clarity, we assume further the diamag-
netic susceptibility χ < 0 caused by the electrons orbital
movement[9]. Let the longitudinal current I is provided
by external source. The current carrying wire induces
the azimuthal magnetic field Bϕ =
2I
cR in the surround-
ing space R > R0. Notably, the magnetic field at the
3B e
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FIG. 2. The macroscopic magnetic current IM for current
carrying conductors placed into diamagnetic χ < 0 media (
see also [8]).
outer wire wall B0 results in negative macroscopic cur-
rent IM = 4piχI[8,10] because of diamagnetic surround-
ing. The total current flowing along the wire I+IM < I.
Let an another conductor with a driven current I1( see
Fig.2,a ) is placed in parallel to the initial one. Again, the
total current along the second wire (1 + 4piχ)I1 includes
the negative component 4piχI1 (not shown in Fig.2,a)
as well. One can check that Ampere’s attractive force
∼ (1 + 4piχ)I · I1 between the pair of wires with parallel
currents is reduced by a factor of 1 + 4piχ[8] compared
to that in absence of diamagnetic media. We conclude
that Ampere’s force diminution is caused by microscopic
magnetic currents at the outer wire surface.
We now provide a strong evidence of similar effect
for current carrying diamagnetic χ < 0 bar shown in
Fig.1. Indeed, for certain value of the applied current
I the transverse magnetic field Bx(±d/2) at the inner
bar surfaces y = ±d/2 results in extra diamagnetic cur-
rent IM which is collinear to a native current, namely
IM = 4pi|χ|I. Phenomenologically, we assume that dia-
magnetic current may flow within narrow layer of the
width δ. The respective density of diamagnetic current
jM =
IM
2δw may, in fact, exceed the ohmic current density
jz. One can deduce the dimensionless flux velocity v0 at
the inner rod surface as
v0 =
jM
jz
=
j
jz
κ, (13)
where j = Idw is the average current density. Then, we
have introduced the dimensionless parameter
κ =
2piR0|χ|
δ0
, (14)
which depends on the sample size. Without diamagnetic
currents, i.e. when κ = 0, we recover the conventional
Poiseille’s flow provided by the wall-adhesion condition
v0 = 0.
Our major interest concerns a strong diamagnetism
case when κ ≥ 1. In Fig.3 we plot the distribution of lon-
gitudinal velocity v(y) at fixed boundary velocity v0 = 4
and different strengths of the carrier viscosity. As ex-
pected, the diamagnetic current within a narrow layer δ
initiates a current flow within in much wider stripe λ≫ δ
close to bar inner wall. The flux velocity approaches a
conventional ohmic drift velocity in a sample bulk.
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FIG. 3. Flux velocity distribution v(y) specified by Eq.(12)
at fixed applied longitudinal electric field and viscosity param-
eter ν = 10; 50 for wall adhesion boundary condition v0 =
0(blue) and diamagnetic boundary condition v0 = 4(red).
The Poiseuille flow for v0 = 0; ν = 1 is shown by the dashed
line. Dotted line represents uniform flow v = v0 = 1. In-
set: universal dependence β(ν) for bar(wire) is shown by
solid(dashed) line respectively.
Using Eq.(12) one may find the average current density
j = ned
d/2∫
−d/2
Vz(y)dY :
j = jz [1 + (v0 − 1)β(ν)] , (15)
where β(ν) = 2ν tanh(
ν
2 ) is the universal function(see
Fig.3,inset) of the viscosity strength. The function 0 <
β(ν) ≤ 1 decreases smoothly as ∼ 1 − ν2/12 for high-
viscous case ν ≪ 1 and, then follows the asymptote
∼ 2/ν for low viscosities ν ≫ 1.
Remarkably, the all previous reasoning are valid for a
wire sample whose radius plays the role of a bar thick-
ness upon straightforward replacement in present nota-
tions. We find that for wire the universal function β(ν) in
Eq.(15) can be replaced by βwire(ν) =
2J1(ν)
νJ0(ν)
, where J0(1)
is zero(first)-order modified Bessel function of the first
kind. The dependence βwire(ν) is shown by the dashed
line in Fig.3,inset. Both dependencies are close one to
each other, therefore the forthcoming effects could be the
similar for wire as well.
From Eq.(13) the self-consistent solution of Eq.(15)
yields
j = jz
1− β
1− κβ . (16)
The Eq.(16) defines the average current density at fixed
longitudinal electric field Ez . Consequently, one may de-
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FIG. 4. Dimensionless resistivity ρ/ρη followed from Eq.(17)
vs dimensionless disorder strength ν2 = d
2
ητ
for: zero diamag-
netic current κ = 0; uniform current state κ = 1; strong
diamagnetism κ > 1. Dashed line represents the viscous re-
sistivity ρ = 12ρη at κ = 0 and 1/τ → 0.
fine the ”effective resistivity” ρ = Ez/j as it follows
ρ = ρD
1− κβ
1− β , (17)
where ρD =
m
ne2τ is the conventional Drude resistivity.
The Eq.(17) represents the central result of the paper.
The galvanic measurements give the ”effective resistiv-
ity” which depends on the inner wall boundary condition,
sample size and, moreover, differs from expected Drude
value. At first, for κ = 1 one recover the uniform current
flow without viscous effects, hence ρ = ρD. Secondly,
the wall adhesion condition κ = 0 provides the ”effec-
tive resistivity” as ρ = ρD/(1 − β) already reported in
Ref.[7]. For low-viscose case ν ≫ 1 the ”effective resis-
tivity” is still described by Drude formulae ρ ∼ ρD. In
the opposite high-viscosity and(or) low dissipation limit
ν ≪ 1 the Poiseille type of a current flow is realized. The
”effective resistivity” at ν ≪ 1 is given by the asymptote
ρ = 12ρη, where ρη =
m
ne2
η
d2 is so-called ”viscous” re-
sistivity[7] which depends on the sample size. Note, the
ratio d2/η plays the role of the momentum relaxation
time similar to that discussed[6,11] for 2D electron gas.
The transition from Drude to ”viscous” resistivity case
occurs at ν ∼ 1.
In Fig.4 we plot the reduced resistivity ρ/ρη vs dis-
order ν2 ∼ 1/τ for fixed viscosity strength η and dif-
ferent valued of diamagnetic parameter κ. Note that at
high disorder and(or) low viscosity ν ≫ 1 the resistivity
in Fig.4 starts to follow conventional Drude dependence.
The most intriguing feature of Eq.(17) concerns the ef-
fective resistivity which may vanish at
κ · β(ν) = 1. (18)
Eq.(18) gives the critical condition for so-called ”zero-
resistance state” (ZRS) seems to be observed in Ref.[12].
Recall that for arbitrary argument β(ν) ≤ 1. Thus, the
solution of transcendental Eq.(18) is possible when κ > 1.
The condition κ > 1 can be re-written as d ≥ dm, where
we introduce the minimal wire radius
dm =
δ
2pi|χ| , (19)
when the ZRS can be realized. We further demonstrate
that ZRS criteria κ = d/dm > 1 could be even stronger
regarding real systems.
We emphasize that the zero resistance state may ap-
pear for even finite momentum relaxation time. At a first
glance, this result looks like mysterious. Nevertheless,
the experimental data[13] provide a strong evidence of
the disorder remains indeed finite within zero-resistance
state. We argue that the physics of zero-resistance state
is rather transparent. The non-dissipative diamagnetic
current is pinched within a narrow inner layer λ ∼ dm/2
of a wire and, then shunts the dissipative current in the
sample bulk. The total current in a wire becomes purely
diamagnetic when Eq.(18) is fulfilled.
C. Size effect of zero-resistance state transition
We now examine in greater details the critical condi-
tion given by Eq.(18). One can find, in principle, the
critical dependence in a following form νcr(κ). The lat-
ter is, however, non-informative since both variables κ, ν
depend on the sample size. To avoid this problem, let
us introduce a size-free parameter z = ν2κ =
dm
2λ . The
modified Eq.(18) yields:
κ =
arctanh(z)
z
. (20)
which gives a desired critical diagram in a form zcr(κ).
The latter is shown in Fig.5,a. The area below the critical
curve corresponds to zero resistance state. For sample
size closed to its minimal value dm, i.e. when κ− 1≪ 1,
the critical curve follows the asymptote z =
√
3(κ− 1)
depicted by the dashed line in Fig.5,a. Then, the critical
curve saturates asymptotically as κ = ln( 21−z )/(2z) for
bulky sample, i.e. when κ≫ 1.
Up to this moment we assumed the momentum relax-
ation time and the carrier viscosity are temperature inde-
pendent. One can make an attempt to find ZRS threshold
in terms of temperature since z ∼ 1/λ = 1/√ητ . Remind
that for actual low-T case the transport is mostly gov-
erned by scattering on static defects, hence one may con-
sider the T-independent momentum relaxation time τ 6=
τ(T ). In contrast, the e-e scattering time is known[14-
16] to be a strong function of temperature. Thus, we will
introduce a phenomenological dependence
1
τee(T )
=
ξ2
τ1ee
+
1
τ0ee
, (21)
where ξ = T/TF is the degeneracy parameter, TF = εF /k
and εF are the Fermi temperature and energy respec-
tively. Then, τ0ee is the residual value of e-e scattering
5time at T → 0, τ1ee is a dimensional value known to be
of the order of ~/εF within Fermi liquid theory[17]. In
general, both values τ0,1ee are unknown, thus stay to be
extracted from experimental data.
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FIG. 5. a) The critical diagram zcr(κ) of zero-resistance state
followed from Eq.(20). The asymptotes for small κ − 1 ≪ 1
and bulky sample κ≫ 1 are shown by dashed and dotted line
respectively. The area below the critical curve zcr(κ) corre-
sponds to zero-resistance state. b) The dependence z(Θ) spec-
ified by Eq.(26) and that(open dot curve) recovered from ex-
perimental data in panel c; c) Temperature threshold Θcr(κ)
specified by Eq.(27) for fixed zm = 0.54. Open dote curve
demonstrate the result extracted from experimental data[21]
in Fig.6,a.
With the help of Eq.(21) the parameter z = dm2λ be-
comes temperature dependent, namely
z(ξ) = zm
√
1 + γξ2, (22)
where γ = τ0ee/τ
1
ee is the dimensionless ratio, then z(0) =
zm =
√
5dm
2vF
√
τ0eeτ
is the zero temperature value. Recall that
zcr(κ) ≤ 1, hence a condition zm ≤ 1 must be satisfied.
The latter gives the condition
µ ≥ µmin, (23)
for carrier mobility, where µmin =
5
8
ed2m
εF τ0ee
plays the role
of the minimal mobility for which the ZRS is possible.
Further, we will use a trivial relationship zm =
√
µmin/µ
as well.
If zm < 1, the only upper part z
cr(κ) > zm of the
threshold diagram in Fig.5,a remains useful. Then, the
equality zm = z
cr(κm) denotes a certain value of min-
imal sample size parameter κm, which corresponds to
ZRS threshold at T = 0. Evidence shows that at finite
temperature the zero resistance state can be realized for
samples whose sizes satisfy the condition κ ≥ κm. The
latter gives the strict criteria
d ≥ dm · κm (24)
for minimal sample size instead of that d ≥ dm discussed
earlier.
We now attempt to find out the threshold temperature
for massive sample( i.e. when κ ≫ 1 ) known to be a
universal quantity[12] for certain material. Helpfully, it
can be done within our model. Indeed, with the help of
Eq.(22) and condition z(ξ) = 1 valid for massive sample
one obtains the subsequent threshold temperature Tc:
Tc = TF
[
(z−2m − 1)/γ
]1/2
. (25)
Hereafter, we will label the all quantities related to ZRS
threshold in bulky sample by index ”c”.
It is useful to introduce the reduced temperature Θ =
T/Tc. Consequently, Eq.(22) can be modified as it follows
z(Θ) =
√
z2m + (1− z2m)Θ2, (26)
and, then plotted in Fig.5,b. Combining the dependen-
cies z(Θ) and zcr(κ) specified by Eq.(26) and Eq.(20)
respectively one obtains threshold temperature Θcr =
Tcr/Tc as a function of the sample size κ:
Θcr(κ) =
[
zcr(κ)2 − z2m
1− z2m
]1/2
. (27)
An example is shown in Fig.5,c. Threshold tempera-
ture diminution for smaller samples was first observed
in Refs.[18,19].
D. Sample-size driven zero-resistance to normal
state transition
a b
4.36A
FIG. 6. Sheet resistance R of amorphous bis-
muth vs temperature: a) experimental data un-
der Ref.[21] b) calculated for zm = 0.54 and
k = d/dm=9.54;3.85;2.27;1.65;1.22;1.14;1.05;1(dashed
line)0.95;0.9;0.8;0.67(from bottom to top).
6We now explore our model in order to demonstrate the
possibility of a sample-size driven ZRS to metal transi-
tion known in literature[21,22]. We argue that the result
shown in Fig.4 demonstrates, in fact, an example of such
a transition. Indeed, for a bar thickness, if changed from
thicker κ > 1 to thinner κ < 1 one, the behavior of the
resistivity ρ(ν) strongly changes. Since ν ∼ 1/√η ∼ T ,
one may expect an abrupt change from upturn dρdT > 0
to downturn dρdT < 0 behavior for sample size reduction.
For κ = 1 our model gives Drude resistivity ρ = ρD.
We claim that the result[21] shown in Fig.5,a is indeed
this case. Using the data of Ref.[21] we ascertain the sam-
ple thickness 6, 42A and sheet resistance R ≃ 6.5kOhm
to condition κ = 1 in our notations. Therefore, we put
dm = 6.42A and estimate ρD = 4.2× 10−6Ωm. Then, we
find an evidence of superconductor transition at T = 0
for bar thickness dm < d = 7.2A. Hence, we extract a
minimal value of the dimensionless parameter, namely
κm = 1.12. With the help of critical diagram shown in
Fig.5,a we find zm = 0.54. For bulky amorphous bismuth
the critical temperature is well known Tc = 6.1K[22].
Thorough analysis of the rising curves set in Fig.6,a gives
the dependence of the reduced transition temperature
Θ = Tcr/Tc vs reduced bar thickness κ = d/dm. We plot
the resulting dependence in Fig.5,c. Evidence shows that
it varies compared to that provided by present model. We
attribute this discrepancy to e-e scattering time τee(T )
differed from that specified by Eq.(21). To check this, we
use Fig.5,c and, then reconstruct the dependence z(Θ)
in Fig.5,b. The subsequent search of realistic e-e re-
laxation time becomes straightforward, namely we set
τee(Θ)/τee(0) = (zm/z(Θ))
2. The resulting e-e relax-
ation time is plotted in Fig.7. Furthermore, we represent
an appropriate fit of τee(T ) dependence. We now able
to calculate the bar resistivity and, then compare it with
experimental findings. Indeed, substituting ν = 2κz(Θ)
into Eq.(17) and, then using fitting curve in Fig.7 we
find the sheet resistance R = ρ/d for fixed bar thick-
ness κ = d/dm. The result is shown in Fig.6,b. It is to be
specially noted that the supplementary data of Ref.[21]
regarding thickest sample d = 74.27A in Fig.6,a provide
a correct value d = 62A. The sets in both panels of Fig.6
resemble one each other. As expected, the change from
downturn dρdT > 0 to upturn
dρ
dT < 0 behavior occurs
when κ = 1. Actually, the apparent insulating behavior
of the resistivity at κ < 1 follows from obvious relation-
ship
dρη
dT ∼ dηdT ∼ dτeedT < 0.
It is rather instructive to estimate the important sam-
ple parameters of amorphous bismuth. Let us use text-
book values[22] of carrier density n = 2.1 × 1023cm−3
and, hence Fermi energy εF = 13eV and velocity vF =
2.14×108cm/s. For thickest specimen d = 62A in Fig.6,a
exhibited ZRS transition temperature ∼ 5.71K close to
that for bulky case∼ 6.1K we find the resistivity ρ =
8.7× 10−7Ωm at T = 14K. The respective carrier mobil-
ity µ = 0.34cm2/Vs gives the momentum relaxation time
τ = 1.9 ·10−16s and the transport length l = vF τ = 4.1A.
Using the above extracted value zm = 0.54 we calculate
0 5 10
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FIG. 7. Dimensionless e-e relaxation time for amorphous
bismuth vs temperature (τ 0ee = 2 ·10
−15s at T → 0) extracted
from experimental data[21]. Dotted line depicts an approxi-
mation used to plot the set shown in Fig.6,b.
the minimal mobility as µmin = µz
2
m = 0.19cm
2/Vs. Our
previous finding dm = 6.5A gives the e-e scattering time
at zero temperature as τ0ee =
5ed2m
8ǫFµmin
= 2 · 10−15s. The
latter corresponds to e-e scattering length lee = 42A com-
parable to sample thickness d = 62A.
E. Magnetic field turned zero-resistance to normal
transition
Remind that the all previous discussion concerned the
zero-current mode of the galvanic measurements. We
now study nonlinear current effect and demonstrate ev-
idence of current and(or) magnetic field induced zero-
resistance state to normal metal transition.
Let us consider a fixed size bar specimen. According to
critical diagram in Fig.5,c the zero-resistance state may
exhibit below critical temperature Tcr. Keeping the tem-
perature still lower, i.e. T < Tcr and, then decreasing
the sample size makes it possible the transition towards
the normal metal state. Recall that the applied current
and(or) magnetic field enhancement results[18-20] in a
similar effect as well. We now analyze such a magnetic
field driven zero-resistance to normal state transition[23-
25].
Phenomenologically, one may replace the diamagnetic
parameter embedded in Eq.(17) as it follows
κ→ κ
1 + bB
, (28)
where b is a constant. The underlying physics of Eq.(28)
is trivial. Indeed, the diamagnetic current is generally
believed to be caused by cyclotron movement of elec-
trons whose orbits are closed to (but contactless) the
sample walls. One must clearly distinguish the diamag-
netic contribution with paramagnetic one caused by elec-
tron reflections from the sample walls, i.e so-called skip-
ping orbits movement. We argue that the curvature of
cyclotron orbit between subsequent collisions of electron
7Consequently, Eq.(28) describes a diamagnetic current
layer enhancement δ(1 + bB) in a magnetic field.
With the help of Eq.(28) the change of upturn dρdT >
0 to downturn dρdT < 0 resistivity behavior is appeared
when
κ
1 + bBcr
= 1. (29)
where Bcr denotes the critical field of the transition. We
emphasize that Eq.(29) is analogous to that reported in
experiment[25].
a
b
FIG. 8. a) Sheet resistance R of Mo21Ge sample( d = 80A )
under Ref.[24] for B = 0, 0.5; 1; 2; 3; 4; 4.4; 4.5; 5.5; 6 kG.(from
bottom to top) b) Universal function β vs temperature de-
duced from each of the colore curves in panel a. Black squares
represents the data represented in Table I. Inset: dependence
specified by Eq.(29)
We now analyze the data reported[24] for magnetic-
field-induced change of the resistivity behavior. We re-
produce in Fig.8,a the resistivity data for amorphous
Mo21Ge superconductor. The resistivity behavior tran-
sition occurs for specimen thickness d = 80A at Bcr =
4.19kG and sheet resistivity Rcr = 1750Ω. Then, for
B = 0 the data demonstrate a transition to zero re-
sistance state at Tcr = 0.15K. Similar studies[24] done
for thinner sample d = 70A give the respective values
collected in Table I. Using the data for both samples
and, moreover, the criterion specified by Eq.(29) we ex-
tract the minimal sample size dm = 50A and coefficient
b = 1.48 · 10−4G−1. We are able to find the dimension-
less sample size κ = d/dm and, moreover with the help
of critical diagram in Fig.5), values of z and β(2κz) for
critical temperature Tcr for both studied samples. The
result is represented in Table I.
Resistivity data in Fig.8,a allows us to estimate a value
of the magnetic field B ≃ 1.1kG when the zero-resistance
state can be possible at Tcr = 0. Recall that at zero
temperature z(0) = zm. Taking into account the modi-
fied parameter given by Eq.(28) we solve transcendental
Eq.(18) for zero-resistance state with viscosity param-
eter ν = 2κzm included. Our efforts are rewarded by
knowledge of the key parameter zm = 0.7. Respectively,
we find κm = 1.24 from the critical diagram shown in
Fig.5,a. The minimal sample thickness for which the
zero-resistance state is possible yields κmdm = 61A. Ac-
cording to Eq.(28) for such sample dimension the change
in resistivity behavior may occur atB = 1.62kG. Also, we
collect in Table I the parameters for even thinner sample
d = dm = 50A which exhibits the only uniform current
flow type when ρ = ρD.
Recall that resistivity specified by Eq.(17) depends on
the universal function β(T ). We argue that for each curve
plotted in Fig.8,a for fixed value of the magnetic field
the function β(T ) can be extracted. Taking into account
the modified parameter specified by Eq.(28) we plot in
Fig.8,b the result of these calculations. Note that the re-
sistivity in Fig.8,a ranges from a zero to values of the or-
der of ∼ kΩ, hence the curves set in Fig.8,b can be viewed
as a part of a universal dependence. Additionally, we put
in the same plot the dependence β(Tcr) followed from
data denoted in Table I. We argue that the presented
result could be useful to extract the actual temperature
dependence of e-e relaxation time τee(T ). Unfortunately,
at this stage this procedure remains problematic because
of unknown carrier mobility for actual Mo21Ge system.
F. Phase diagram B(T) of zero-resistance state in
massive specimen
Phase diagram of zero-resistance state is known to be a
milestone characteristic of the massive specimen. Taking
into account diamagnetic parameter specified by Eq.(28)
the ZRS threshold transition criteria given by Eq.(18)
yields
κβ(ν) − 1 = bB. (30)
For actual case of bulky sample κ→∞, we find β(2zκ) ≃
1/zκ. Using Eq.(26) one obtains phase diagram of zero-
resistance state
B = Bc
(
1 + (z−2m − 1)Θ2
)−1/2 − zm
1− zm (31)
where Bc = (z
−1
m − 1)/b. As an example, the magnetic
field driven phase diagram specified by Eq.(31) is plot-
ted in Fig.8 for different values zm. For zm ≤ 1 phase
8diagram given by Eq.(31) approaches the empirical de-
pendence
B = Bc(1−Θ2) (32)
usually regarded as good approximation for the most of
elementary superconductors. Also, at critical tempera-
ture Tc−T ≪ Tc Eq.(31) gives a linear slope 1Bc dBdΘ |Tc=
(1 + zm)zm ≤ 2 close to that provided by Eq.(31). This
result is confirmed by numerous experiments.
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FIG. 9. Phase diagram of superconductivity given
by Eq. (31) for massive sample at zm = 0.7; 0.9. The
dashed curve corresponds to empirical dependence specified
by Eq.(32).
Using Eq.(27) one may find out the relationship
Bc = β
−1
(√
1 + γ(Tc/TF )2 − 1
)
(33)
for massive samples. At low temperatures
√
γTc/TF ≪
1 the critical temperature obeys quadratic dependence
Bc ∼ γ2β
(
Tc
TF
)2
while becomes linear in the opposite high
temperature case, i.e. Bc ∼
√
γ
β
Tc
TF
.
G. Magnetic field screening
We now demonstrate that the magnetic field can be
pushed out from the sample bulk as stronger as the sys-
tem becomes closer to zero resistance state threshold.
Remind that the flux velocity distribution specified by
Eq.(12) was found under assumption of a fixed electric
field Ez . Using Eq.(16) the later can be represented in
terms of total current I. As a result, both the distribu-
tion of the current density jz(y) and the transverse mag-
netic field Bx(y) specified by Eqs.(12),(13) and Eq.(9)
respectively yield
jz(y) = j
[
1− κβ
1− β −
1− κ
1− β ·
cosh(νy)
cosh(ν/2)
]
,
Bx(y) = B0
[
2
1− κβ
1− β y − β ·
1− κ
1− β ·
sinh(νy)
sinh(ν/2)
]
.
(34)
Remind that j = I
πR2
0
is the average current density.
As expected, for uniform flow κ = 1 one obtains jz(y) =
j, Bx = 2B0y. Then, Eq.(34) gives the correct values
of the current density jz = jκ and the magnetic field
Bx = ±B0 at the inner walls y = ±1/2 of the bar. We
plot the dependencies given by Eq.(34) in Fig.10. At
fixed diamagnetic parameter κ > 1 the growth of the
fluid viscosity leads to progressive shift of the current
towards the inner wall of the bar. Simultaneously, the
magnetic field is pushed out from the sample bulk.
Remind that the typical length scale of viscose flow
yields λ =
√
ητ = dm2z . For bulky sample at ZRS thresh-
old z = 1 one obtains the screening length λ = lB =
dm/2. As an example, we plot in Fig.10, inset the mag-
netic field screening asymptote Bx = B0 exp(ν(y−1/2)).
Our final remark concerns the presence of the radial
electric field. With the help of Eq.(8) and Eq.(34) we ob-
tain Ey =
jz(y)Bx(y)
nec . Following our previous arguments
the longitudinal current in a sample bulk can be viewed
as a carriers drift in a crossed Ey ⊥ Bx fields.
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FIG. 10. Distribution of the dimensionless current den-
sity jz/j(panel a) and azimuthal magnetic field Bx/B0
(panel b) specified by Eq.(34) for finite size sample at κ =
4(corresponds to zm = 0.999 and ν = 2κzm = 8) and viscos-
ity parameter 8; 20; 50. Thin lines depict the uniform current
density case when κ = 1. Dotted line(insert) corresponds to
magnetic field screening asymptote described in text.
FIG. 11.
9H. Conclusions
In conclusion, we discover the Circular Hall Effect in
a bar conductor taking into account both the diamag-
netism and finite viscosity of 3D electron liquid. We
demonstrate that under certain condition the resistiv-
ity of the sample vanishes exhibiting the transition to
zero-resistance state. The current is pinched nearby the
inner bar boundary while the magnetic is pushed out of
the sample bulk. Within low current limit the threshold
temperature is calculated for arbitrary carrier dissipa-
tion and the sample size. For sample size and(or) carrier
mobility which are lower than a certain minimum values
the zero-resistance state cannot be realized. Sample-size
and magnetic field driven transition from zero-resistance
state to apparent insulator state is compared with ex-
perimental data. Phase diagram in terms of threshold
temperature vs applied current and(or) magnetic field is
calculated.
[1] E.H. Hall, American Journal of Mathematics, 2 , 287
(1879)
[2] A.I. Anselm, Vvedenie v fiziku poluprovodnokov,
Moskow, Nauka 616p, (1978).
[3] M.A. Matzek and B.R. Russell, Am.J.Phys. 36, 905
(1968).
[4] Kirk T.McDonald, http://www.physics.princeton.edu
/ mcdonald/examples/wire.pdf
[5] M.S. Steinberg, Phys.Rev. 109, 1486 (1958).
[6] P.S. Alekseev, Phys.Rev.Lett. 117, 166601 (2016).
[7] R.N. Gurzhi, Sov.Phys.JETP, 17, 521 (1963).
[8] D.V. Sivukhin, A Course of General Physics, vol. III,
Electricity, 3rd Edn., Nauka, Moskow( in Russian),
(1996).
[9] L.D.Landau, Z. Phys., 64, 629 (1930).
[10] A.A. Vlasov, Makroskopicheskaya Elektrodynamika,
Moskow, Fizmatlit, 240p, (2005).
[11] Q.Shi et al, Phys.Rev.B, 89, 201301(R) (2014).
[12] H. Kamerlingh Onnes, Communication from the Physi-
cal Laboratory of the University of Leiden, 122b, 124c
(1911); 133a, 133c (1913).
[13] W. Meissner, Ann. Physik (5) 13, 641 (1932).
[14] I.Ia.Pomeranchuk, J.Exp.Theor.Phys. 20, 919 (1950).
[15] A.A.Abrikosov and I.M.Khalatnikov, Rep.Prog.Phys.22,
329 (1959).
[16] G.Baym and C.Ebner, Phys.Rev.164, 235 (1967).
[17] D. Pines and P. Nozieres, The Theory of Quantum Liq-
uids, Benjamin, New York, 1996, Vol. 1.
[18] W.Meissner, Physics-Uspekhi 13, 639 (1933).
[19] W.Meissner, R.Ochsenfeld, Naturwissenschaften 21, 787
(1933).
[20] F.B.Silsbee, J.Franklin Inst. 184, 111 (1917).
[21] D.B.Haviland, Y.Liu and A.M.Goldman, Phys.Rev.Lett.
62, 2180 (1989).
[22] Y.Liu et al, Phys.Rev.B 47, 5931 (1993).
[23] A.F.Hebard and M. A. Paalanen, Phys.Rev.Lett. 65, 927
(1990); M.A.Paalanen, A.F.Hebard and R. R. Ruel, ibid
69, 1604 (1992).
[24] Ali Yazdani and Aharon Kapitulnik, Phys.Rev.Lett. 74,
3037 (1995).
[25] N.Markovic, C.Christiansen, and A.M.Goldman
Phys.Rev.Lett. 87, 5217 (1998).
